The purpose of this paper is to give the complete classical theory of a sp in n in g particle moving in a Maxwell field. The particle is assumed to be a point, and its interaction with the field is described by a point charge l and a point dipole g2. The Maxwell equations are assumed to hold right up to the point representing the particle. Exact equations are then derived for the motion of the particle in a given external field which are strictly consistent with the conservation of energy, momentum and angular momentum, and hence contain the effects of radiation reaction on the motion of the particle. It is shown that in the presence of a point dipole the energy tensor of the field can and must be redefined so as to make the total energy finite. The mass, the angular momentum of the spin, and the moment of inertia perpendicular to the spin axis appear in the equations as arbitrary mechanical constants. Reasons are given for believing that for an elementary particle the last constant is zero, in agreement with relativistic quantum theory.
The quantum treatm ent of a point charge and its interaction with quan tized fields gives rise to a number of difficulties, for example, those con nected with self-energies, which become very much greater when the particle has an explicit spin interaction with the field, as in the case of protons or neutrons and their interaction with the meson field. These difficulties are due at least in part to a neglect of the effects of radiation reaction. For a point charge the effects of the radiation reaction can be estimated by a comparison with the classical theory of Lorentz, and it is generally assumed th at the quantum theory will give correct results in those energy regions and for those processes where the effects of this radiation reaction are negligible. For a point dipole the position is less satisfactory; for in the absence of a classical theory giving the effects of radiation reaction on the motion of the [ 273 ] dipole, it lias not been possible to delimit the region in which the quantum theory might be expected to give correct results. In particular, it has been impossible to decide whether the multiple processes and Heisenberg ex plosions predicted by the quantum theory fall, a t least partly, in a region where the theory should be valid and are therefore to be regarded as deserving of credence, or whether they take place entirely in energy regions where the theory loses all claim to validity by its vital neglect of radiation reaction, and are hence to be regarded as entirely spurious. An exact classical theory of spinning particles taking into account the effects of radiation reaction is therefore of considerable physical interest. The purpose of this paper is to supply a complete classical theory of spinning particles moving in a Maxwell field. The extension of this theory to a meson field is carried out in the paper which immediately follows this.
It will be shown in this paper th a t our classical theory is the parallel of a quantum theory in which the particle has an explicit spin interaction with the Maxwell field. I t is not the classical equivalent of a theory in which the interaction of the particle with the field is expressed only through the potentials, as in Dirac's theory of the electron. All comparisons must there fore be between this theory and a quantum theory in which the particle has an explicit spin interaction with the field, such as could always be introduced mathematically.! I t appears, however, th a t the electron as it occurs in nature does not have such an explicit interaction with the Maxwell field, so th at the theory of this paper is not applicable, even in the classical limit, to an electron. On the other hand, protons and neutrons have an explicit spin interaction with the meson field. Our classical theory, or rather the exten sion of it to a meson field carried out in the following paper, is then applicable to this problem. All the remarks we make below will then only refer to a quantum theory containing an added spin interaction with the Maxwell field of the type mentioned.
I t must be demanded of any complete classical theory th a t it shall be consistent with the principle of relativity, and this almost inevitably requires th at the dipole be considered as a point with no extension. For if a particle of finite extension be considered, then it is not -possible to specify the distribution of charge and dipole moment over the finite volume occupied by the particle in a relativistically consistent way without introducing a field (other than the Maxwell field) which shall be responsible for preserving the shape of the particle. The introduction of another field for this purpose would be artificial and in any case much more complicated than treating the dipole as a point. We now meet the difficulty th a t the field energy as usually defined becomes infinite in the immediate neighbourhood of the dipole. This difficulty may be avoided either by modifying Maxwell's equations so th a t the field remains finite in the immediate neighbourhood of the dipole, or by assuming th a t the Maxwell equations hold exactly right up to the point singularity representing the dipole, and modifying the definition of field energy when singularities are present in the field. The latter method has been applied successfully by Dirac (1938) and Pryce (1938) to a point electron, and it is the method we shall follow in this paper.
The procedures of Dirac and Pryce are different, but lead to the same result, and both amount in essence to adding terms to the usual Maxwellian expression for the field energy which just cancel some of the singular terms and make the total field energy of a point charge finite. We believe th a t this procedure is not a mere mathematical device but is physically sensible. One can see this a t once by going back to the origin of the idea of field energy. Consider the static case. The potential energy of any non-singular distribu tion of charge or dipole moment, th a t is, the work done in bringing this distribution of charge and dipole moment from infinity into the actual configuration, can be transformed by using Maxwell's equations into an integral over the whole of space occupied by the field, and hence may be regarded as energy stored in the field. B ut this transformation is no longer possible if singularities, for example point charges or point dipoles, are present in the field. The self-energy difficulties in the classical theory there fore arise by using a definition of field energy which is no longer valid in the presence of singularities. I t is of course possible to look upon a point electron as the limiting case of a distribution in which the same charge is initially spread over a finite volume. The Maxwellian definition of field energy can be used now, and in the limit when the charge becomes concentrated in a point the total field energy becomes infinite. This infinite field energy has a physical meaning, for it corresponds to the evident fact th a t the work done against electrostatic force in compressing a charge originally spread over a finite volume into a point is infinite. There are, however, no purely logical or mathematical reasons why a point charge or point dipole should be regarded as limiting cases in this manner. Moreover, it would be contrary to our present views about elementary particles to look upon them as made up in this way. I t therefore seems to us logical and physically reasonable to look upon the elementary particles in nature as point charges or point dipoles, and to reformulate the definition of field energy when singularities are present in the field. I t will be shown in this paper th a t this can be done for a point dipole in a way consistent with the principle of relativity.
We treat a particle as a point having an interaction with the field charac terized by a charge g1 and a dipole moment g2, and we assu Maxwell equations are valid right up to the point. We then derive equations for the motion of the particle which are consistent with the conservation of energy, momentum and angular momentum for the system as a whole consisting of the particle and the field. These equations will automatically include the effects of radiation reaction. The conservation of angular momentum has to be demanded explicitly, for it gives the equation for the rotation of the dipole. The mass of the particle, the angular momentum of the spin and the moment of inertia perpendicular to the axis of the spin appear in the equations as arbitrary and independent constants.
In the general classical theory there is no connexion between the trans lational motion of the dipole and its rotational motion (by rotation is here understood a rotation in the direction of the time axis as well as a space rotation). I t would be quite possible theoretically, for example, for an initially pure magnetic dipole with no translational motion to develop in a suitable external field an electric dipole moment a t right angles to its magnetic moment while still continuing to be a t rest. Dipoles of this sort do not seem to occur in nature. I t is possible, however, to impose the condition th at a dipole shall always remain a pure electric or magnetic dipole in the rest system, and a procedure is given for deriving from our general equations specialized equations consistent with either of these con ditions. The special equations for a dipole which remains a pure magnetic dipole in the rest system have already been derived by a direct method (Bhabha 1940a, referred to in this paper as B) and are the same as those which are derived as a particular case of the present general theory. As has been mentioned before (Bhabha 19406) , the effect of radiation reaction is very much more complicated in the general than in either of the two special cases mentioned above, but there seems to be no reason within the limits of the classical theory for excluding the general case. I t is therefore to be re garded as an achievement of relativistic quantum theory th a t it auto matically demands th a t an elementary particle shall have only a pure magnetic moment in the system in which it is a t rest.
As has been mentioned earlier, the dipole may also have a moment of inertia perpendicular to the axis of the spin, and this enters in the theory as an entirely independent constant. The equations, however, take their simplest form if the moment of inertia perpendicular to the axis of the spin is put equal to zero, th a t is, when the mechanical properties of the particle are those of a pure gyroscope. A comparison of the classical equations with those of the quantum theory, as well as a comparison of the respective crosssections for the scattering of light, clearly shows th a t in the quantum theory the particle automatically has the mechanical properties of a pure gyroscope. The quantum theory therefore again appears to be an advance on classical theory in th a t it allows only the classically simplest case, in conformity with what is found in nature.
Where the present classical theory goes beyond the quantum theory is in being able to treat the effects of radiation reaction exactly, whereas the quantum theory neglects these completely. Our theory shows quite clearly the frequency in the neighbourhood of which radiation reaction first begins to dominate the scattering of light, and hence allows us to fix the region of validity of the quantum theory. I t appears th a t within this region the classical and quantum theories give the same scattering, showing th a t quantum effects have not yet come in, as is to be expected also from quite general arguments. The present classical theory, therefore, apart from being of general theoretical interest, actually allows us to give a scattering formula which should be valid for frequencies far beyond the region of validity of the quantum formula under certain circumstances.
An im portant point may be noticed. The classical theory shows th a t for very high frequencies the scattering of light does not depend either on the charge or on the dipole moment or on the mechanical constants of the particle, but is a pure function of the frequency, decreasing as the inverse square of the frequency. This is true for both scattering by a pure charge as calculated by Dirac and for scattering by a dipole as calculated below, and appears to be a fundamental property of radiation. I t is shown in the following paper th at it is also true of a meson field. I t is clear th a t a series in ascending powers of the charge or dipolo moment cannot approximate to a behaviour of this sort. The proper treatm ent of radiation reaction, therefore, will probably require a far-reaching extension of quantum theory. The classical theory developed in this paper gives an exact treatm ent of radiation reaction, but its quantiza tion appears to present very great difficulties.
General theory
We use tensor notation throughout, and for convenience put the velocity of light equal to unity. The metric tensor g/lv is assumed to have the form ffoo -1> ffu = 922 = 9^3 -with all the other components vanishing. As stated in the introduction, we treat the particle as a point. Its co ordinates are denoted by zfl, which may be considered as functions of the Classical theory of spinning particles in a Maxwell field 277 proper time t measured from an arbitrary point on the world line of the particle. A dot over a letter is used to denote differentiation with respect to the proper time r. The velocity zp of the particle is denoted by The spin of the particle is described by an antisymmetric tensor Spv which may also be considered as a function of r. The particle is assumed to have a charge gv The charge and current density a t any point of space may then be written with the help of ^-functions in the form = gxj dr vp8(x0 Zq) 8(x1 8(x% z2) 
8(xz
The dipole moment of the particle is denoted by g2. I t gives rise to a dipole density a t a point xp which may be w ritten in the form
J-<x>
I t is found convenient to adopt the following notation. The invariant formed from any two tensors X pv and Ypv is w ritten notation:
he invariant formed by any combination of tensors and two vectors is written in the usual m atrix notation; thus
The antisymmetric tensor formed from other antisymmetric tensors X v and Ypv is sometimes w ritten in the vector product notation
Then if X pv, Ypv and Z pv are three antisymmetric tensors, the following identity holds:
The vector vp by definition satisfies the equation
The equations derived from this by successive differentiation aref The equations of motion of the dipole must be such as to be consistent with the equations (4), (6), (6) and (7). I f we denote the Maxwell potentials by < f> v and the field strengths by jP"", the Maxwell equations may be w ritten in the form 
The usual energy-momentum density tensor of the field is given by the expression 4^ = ^^ + ^^^.
I t satisfies the equation of conservation 
The solutions of (11) giving the retarded and advanced potentials are well known. Our theory is quite symmetrical in retarded and advanced potentials, and we therefore only deal with retarded potentials for simplicity. Due to the two terms on the right-hand side of (11), the retarded potential is a sum of two p a rts:
(1 6 ) the first being proportional to g1} t he second to g2. We introduce the vector st o represent the distance from to the retarded point z"(r0) :^ =
The retarded time r 0 is defined by the equation
We introduce the following symbols:
The retarded potentials may then be written in the well-known forms
* v * s r , ( 5 s j .
All the quantities on the right-hand side are understood to be taken a t the retarded time r 0. In carrying out the differentiation in (22) we m ust remember th at a change in the point not only changes the distance 8 p but also changes the retarded time t0. The general method of carrying out the differentiation has been given in an earlier paper (Bhabha 1939a referred to here as A). We thus findf Classical theory of spinning particles in a Maxwell field 281
Now sM , k and k' are of the same order, so th a t the first two terms are of order k~2 and the next two of order k~1. The retarded field strengths can be calculated a t once by using (8a). Corresponding to (16) we write
Fj$ and Fj$are given in the appendix. The first is the field of a pure point charge and is proportional to gv I t has terms of order k~2 and
The second is the field of a pure point dipole and is proportional to . I t has terms of order k~3, k~2 and k~\ Following Dirac we write the actual field a t any point as the sum of the retarded field a t th a t point plus an ingoing field 1^-:
The ingoing field Fft-satisfies the Maxwell equations for empty space, (8) and (9), with the right-hand side of (86) put equal to zero.
We now proceed to find the exact equations of motion for the particle. I t is necessary at this stage to introduce the idea of an antisymmetric tensor X*v adjunct (dual) to a given antisymmetric tensor X"v. Its components are connected with those of X"v by the equations X*°1 = X 23, X*«2 = Z 31, X*°3 = X 12/| \ (26 X™ = X01J Z«1 = X02, X « " = JC03.J Any of the relations (26a) can be deduced from any other by successively changing any three suffices in rotation. Using the tensor g v, we can deduce from (26a) th at
x * = -x » 2 , x a = -x » = .j I t follows at once from (26) [X*.Yl (286) and
I t will appear presently th a t the six-vector 8*v adjunct to plays an important part in the equations and is on the same footing as
Using (26) 
This expression for S automatically satisfies (7 a), for, by (3),
Similarly it follows from (32) and (31) th a t
whence
The equation adjunct to (32) is
Multiplying (32) and (35) by arbitrary constants I and / ' and adding, we find
I S + I'S * =
We have written 0 ' in place of 70 + 7'0*. This is the most general form th a t can be taken by the equations of motion for the rotation of the dipole. I t will be seen below th a t the condition th a t the rotational equations m ust have the form (36) takes us a long way towards determining the radiation reaction terms. Conversely, we can go back from equation (36) 
whence, by (36), we deduce
which is just equation (32). I t follows from this, as can also be proved directly, th a t it is a necessary consequence of an equation of the type (36) th a t
I t further follows from the symmetry of the right-hand side of (36) in S and 0 ', as also from (32) and (35), th a t
Thus two invariant equations are a consequence of the rotational equation (36) . As will be seen below, another invariant equation can be deduced from the ' equations of motion giving the translation of the particle, and the requirement th a t this equation shall be consistent with (38) gives us further conditions determining the equations of motion.
To proceed further we follow a method first used by Dirac (1938) . Consider the world line of the particle to be given, and also the direction of the spin at every point. Now surround this world line by a thin world tube, the radius of which will ultimately be made to tend to zero, and calculate by using the tensors and MXjJtv the flow of field energy, momentum and angular momentum through the three-dimensional surface of a finite length of this tube bounded by the proper times t1 and r 2. For conservation, the flow of energy, momentum and angular momentum through the surface of this length of tube must equal the difference in these quantities a t the two ends of the tube. The rate of flow of these quantities must therefore be a perfect differential. This will only be the case if, depending on the ingoing field, the world line has a certain shape and the dipole a certain orientation at each point. In other words, this condition will give the equations of motion of the particle in the given ingoing field.
I t is easy to show th a t our results do not depend on the shape of the tube. For convenience we take the tube defined by where e will be treated as a small quantity which will ultimately be made to tend to zero. We fix our attention on some point r 0 of the world line and consider it in the particular Lorentz system in which the velocity a t th a t point has the special form vQ = 1, vx = v2 = v3 = 0. This w rest system of the point. Then from (40) it follows th a t in this system s0 = e, and since s^st1 = 0, a two-dimensional sphere of radius e with the point r 0 as centre taken at a time e later forms a section of the tube. All points on the surface of this sphere correspond to the same retarded point t0. Thus any integral over the surface of the tube can always be regarded as a two-dimensional integral over the surface of a sphere centred round a point with the proper time r, and then an integral along the world line with respect to the proper time r.
If we denote by dSv an element of the surface of the tube taken as positive when the normal is directed outwards, then the flow of energy and momentum into a length of the tube whose ends correspond to the proper times r1 and r 2 is which, in view of what has been said above about integration over the surface of the tube, can always be w ritten in the form
For conservation of energy and momentum this must only depend on the conditions at the two ends of the tube, so th a t the integral must be a perfect differential. Therefore we must have (43) where A^is some tensor which has to be found. Equation (43) determines the translational motion of the particle.
The flow of angular momentum into the tube is given by
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By (14) and the definition (17) of ŝ ,( 44) can be written
The first integral can again be w ritten in the form For conservation of angular momentum, the integrand of this must be a d perfect differential. P u t it equal to B k/l+ (zA Ax). This leads to
where BA has to be found. Equation (45) then determines the rotational motion of the dipole. We now return to T/r Owing to the quadratic form (12) of 2L,in the field strengths and the splitting of F^v into two parts by (25), T^v can be written as the sum of three p a rts:
The first contains the retarded field only, the second the product of the retarded and ingoing fields, and the last only the ingoing field. Since Ffy is not singular on the world line, T fy is also not singu limit e->>0 will make no contribution to (41). Thus we may write
Since, according to (24), F™f consists of two parts, will contain terms proportional to g\, gxg2 and g% while terms proportional to gx and g2. Corresponding to this we write as the sum of three p a rts:
Ap
-A^ + A^+ A f* * -.
The first only contains terms proportional to and g% the second contains the ingoing field and terms proportional to gx or g2, while the third does not contain gx or g2. We call the mechanical p art of th /preact. = ^r e tret.Î f we write -* ■ ^ p the translational equation (43) becomeŝ react. _|_ ^mix._^mix. _ ^mech.
For the same reasons as lead to (46), can also be w ritten as the sum of two p a rts:
( 49) the first of which contains terms proportional to g\, gxg2 and g\, while the second has terms proportional to gx and g2 containing the ingoing field.
Corresponding to (50) we write B Xft as the sum of two p a rts :
Here 2?^-contains all the terms proportional to g\, gx g2 and g\, while B f* ch only contains terms independent of gx and g2, and represents the mechanical properties of the spin, as will be seen below. Bf*x-cannot exist for diipensional reasons. I t would have to be a product of g2 times the ingoing field times a quantity of the dimensions of a length, and no such quantity can be made up of >SL or and their derivatives (provided, naturally, th a t the reciprocals of these quantities are excluded). I f we write
the rotational equation (45) can be w ritten
The terms T(fact-in (49) and in (53), being quadratic in gx and g2, represent the effects of radiation reaction.
The derivation of (53) shows th a t as far as the conservation laws are concerned is arbitrary. The general arguments given a t the beginning show th at the rotational equation m ust be of the form (36). We may there fore put = / « v + ./'S V +
where I and / ' are arbitrary constants. (53) then becomes
Now the reaction and the mixed terms in (55) contain different powers of the fundamental constants g1 and g2, while the mechanical terms are inde pendent of them. Each group by itself must therefore have the form of the right-hand side of (36). Hence we m ust have
In other words, A*et-and B T $ -must be so chosen th a t the left-hand side of (56) has the form of the right-hand side of this equation. Cr^® act-is an antisymmetric tensor which is not yet known. Similarly, 4 " echt and J5^" echmust be so chosen th a t
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Consider now the mixed terms. I t is shown in the appendix th a t
This a t once gives -(tv * ? 11--V 1? * ') = 9t{'V^ -8 * 1 * 8 ,
which is just of the required form. In fact, the condition th a t the mixed terms in (55) must have the form of the right-hand side of (36) uniquely determines the first two terms of A™**-. A term consisting of multiplied by an invariant could always be added to without altering the lefthand side of (61). B ut this term would alter the mixed terms in the transla tional equation (49). I t will appear almost immediately th a t even a term of this type is uniquely determined, and has to be taken to be the third term of (60). By (58) and (60), the mixed terms in (49) then reduce to
= 9 i F % * -k i S^^F % + h 9^( v l,S '"F % ) . (62)
By (62), the translational equation (49) 
By substituting (56), (57) and (61) in (55), the rotational equation may be written
The simplest invariant equation which can be deduced from (63) is obtained by contracting it with v*. Remembering (4) and (5a), and using the obvious relation ufigpv-
By the reasoning which leads from (36) to (38) and (39), we see th at the rotational equation (64) leads to two invariant equations
and
The expressions containing the ingoing fields in (65) and (66) are identical, so th at consistency requires th a t (£Cmech-) = 2 and ($<7react*) = 2 v^T f&ct-.
We now see th at the last term of ^4™ix-in (60) was uniquely determined. For the addition to ^4" ix-of a term consisting of multiplied by an invariant containing the ingoing field would have left (61) and hence (66) unchanged, while changing (62) and hence the terms in (65) containing the ingoing field. This would have made (65) and (66) inconsistent.
The mechanical constants
We now come to ^4™ech-and i?^ech\ These may be any expressions which satisfy the condition th a t the left-hand side of (57) shall be identically of the form of the right-hand side of th a t equation:
They must further satisfy (68). Expressions wrhich satisfy these conditions are
and +
where M, K and K ' are arbitrary constants. M has the dimensions of a mass, and K and K ' those of a moment of inertia.
If we introduce (70) into (63),the translational equation can be w ritten in its final form
By substituting (71) into (64), the rotational equation becomes
and the invariant equation (66) becomes
The substitutions (70) and (71) are not the most general which are possible and they have been chosen for their simplicity. Moreover, the five constants M, I, I', K and K ' are capable of simple physical interpretations, and represent the mechanical properties of a spinning particle which are well known from ordinary mechanics. Reasons will be given in the last section for believing th a t even (70) and (71) lead to equations which are too general, and th a t for the elementary particles which occur in nature, K and K ' are zero.
1 and I ' represent the gyroscopic properties of the particle, and their physical meaning becomes particularly clear in certain special cases which will be investigated in a later section. I t will be shown there th at when the equations are such th a t the dipole is always a pure magnetic dipole in the rest system, I is the angular momentum of the spin about the axis of the dipole and K is the moment of inertia about an axis perpendicular to the direction of the dipole. In this case I ' is zero. When th at the dipole is always a pure electric dipole in the rest system, I ' represents the angular momentum of the spin about the axis of the electric dipole, and K ' is the moment of inertia about a perpendicular axis, while I must now be zero.
I t should be emphasized th at all the five constants M, and K ' are completely independent and arbitrary, and may be given any positive or negative values. This may seem to be in contradiction with the properties of bodies in ordinary mechanics, where, for example, a n on-vanishing value of I, the angular momentum about one axis, necessarily requires th at the moment of inertia about a perpendicular axis shall be positive. This contradiction is only apparent, and results from the fact th a t in ordinary mechanics the mass density is always assumed to be positive a t all points of the particle. In general theory, however, the mass density need not be positive a t every point any more than the total mass of the particle need be positive, and once the mass density is allowed to take on both positive and negative values, it can easily be seen th a t a mass distribution can be given in a body of finite size for which the mechanical constants have arbitrarily assigned values, positive or negative. I t is therefore not surprising th a t in our theory, where the particle is treated as a point, the five constants are entirely independent and arbitrary.
I t is now"easy to see the physical meaning of all the terms on the left-hand side of the translational equation (72). The first term just expresses the ordinary mechanical properties of a particle whose rest mass is M . Next, [$ .$ ] represents the rate of rotation of the direction of the spin, and the kinetic energy associated with this motion is IK&2. In conformity with relativistic ideas this appears as an addition to the mass in (70) and (72). The meaning of the next term is similar. Lastly, -^g2 (S F in-) is the potential energy of the dipole in the given ingoing field, and this also appears as an addition to the mass of the particle in (72).
The meaning of equation (74) is also clear. I t states th a t %g2(&Fin-), the rate of decrease of the potential energy of the dipole in the ingoing field due to a rotation of the dipole, is equal to the rate of increase of the rotational kinetic energy plus the rate a t which energy is radiated away, -|($C 'react ).
To find other possible additions to (70) and (71), we have to find further solutions of (57) and (68). The easiest way to do this is to proceed methodically by taking terms which can combine with each other in groups. We illustrate the method of finding solutions by two examples which will be of use later when, we come to discuss the radiation reaction terms. Possible additions to ^4" ech-which do not contain the spin at all have already been in vestigated in detail in a previous paper (Bhabha 193196) . I t is shown there th a t besides the first term of (70) there is only one other solution possible which i» reasonably simple, and this would lead to a motion of the particle quite unlike anything th a t is known in nature. Now consider all possible additions to ^4" ech* which are quadratic in $A" and do not contain any differentiations with respect to r. The most general combination of this type iŝ meeh. _ 6l V,S* + e9V/lF + 9t S " f r .
The e's are arbitrary constants having the dimensions of a mass. By (57), terms of this sort must combine with a certain ^A" ech-, so th a t B A" ech-m ust contain one differentiation less than A^mech\ This is not possible with the substitution (75), so th a t in this case J5^" ech-is zero. We find VA^" mech._v^"mech. = e^S^P -V^^P ) (76) which satisfies the condition (57). By (4), (5a) and (6), the equation (68) then requires th a t
This gives e3 = 2e2.
W riting M for ex and M ' for e2, we see th a t possible additions to (70) are given by
where M and M ' are independent and arbitrary constants. Since is a constant, the first term has in fact already been included in (70). The second term gives a possible addition to the translational equation. We should expect the elementary particles in nature to obey the simplest possible equation, and therefore we should expect ' to be zero.
Next consider additions to A" ech-which are quadratic in $A/t or its deriva tives and contain one differentiation with respect to r . I t can easily be shown by an analysis similar to th a t given above th a t there is only one possible solution of (57) and (68) of this type, namely, = f m I " is an arbitrary constant having the dimensions of mass times length, i.e. of an angular momentum (since the velocity of light is put equal to unity). The addition (78) is obviously far more complicated than anything in (70) and (71), and we should expect I " to be zero for an elementary particle. There appears to be no limit to the number of solutions which can be found satisfying (57) and (68), but they are all very much more complicated than (70) and (71), and we should be justified in believing th at they do not occur in the description of an elementary particle.
The reaction of radiation
The radiation reaction terms still remain to be determined. T*et-and are given in the appendix. We have to fix A™*-and B v fy . As mentioned before, they have to be so chosen th at is identically of the form given by (56), th at is, by (52),
with <7™ act-and T£eact-satisfying (69), which, by the definition (48) of T T™ct-, may be written
We separate the terms in (79) and (69a) which are proportional respectively to g\, gxg2 and g\ into three groups. I t is obvious th a t the terms proportional to g\ will not contain 8X /l or its derivatives, each term propo will contain SX/l or one of its derivatives once, while and its deriva will appear twice in each term proportional to g\. Each group of terms by itself has to satisfy the equations (79) and (69a). I t is convenient a t this stage to introduce a notation which will be of use later. We distinguish the symbols containing only terms of the first group by writing a (0) after the symbol, those of the second by a (1), and those of the third by a (2), thus expressing the fact th at the groups are respectively independent of, linear and quadratic in SX/l and its derivatives. Thus, for example,
The general method has already been given in B. Since the retarded field of a point charge or dipole tends to infinity as we approach the dipole, both T™t-and will contain terms which tend to infinity as e-> 0. We therefore write
Tret. = T ( ? + T f ,
where contains all the terms which are singular. Similarly, we write =
Tj? is given in the appendix by (123), (125) and (127). I t appears th a t it is a perfect differential. I t is therefore possible to split A Tat-into two p a rts:
A™*-= of which A^ alone contains the singular terms and is so chosen th a t
Thus, remembering (48), we find th a t
T^-= T^-A f ,
and is now entirely free from singularities. I t remains finite as e-j-0.
is also given in the appendix by (130) and (132) and is not a perfect differential. However, it only appears in the rotational equation (55) where Bfy alone contains the singular terms and is so chosen th a t J r f t --0.
(87) Hence, by (52),
This is now entirely free from singularities and remains finite as e->0. Thus the rotational equation (55) also has no singular terms. The above analysis shows th a t it is possible to eliminate the singularities which result from taking the energy tensor of the field to have the form (12). The question now arises as to how far this elimination is mathematically necessary in order th at the conservation laws should hold. Consider the terms of order e-3 in These are quadratic in SX fl and contain one dif ferentiation with respect to r. The terms of order e~3 in A® must therefore be quadratic in $A/t and contain no differentiation with respect to r. The equations (79) and (69a) therefore cannot determine such terms uniquely, because we could always add an expression like (77) with arbitrary M and M', since this satisfies (57) and (68). The same applies to terms of order e~2 in Aj f, since these must be quadratic in $A and contain one differentiation with respect to r. These and the corresponding terms in must therefore be arbitrary to the extent of a possible addition of the expressions (78) with arbitrary I". Since there are seven terms of order e-2 in and only three in A ' pm ech-of (78), it is clear th at the elimination of four of the singular terms of this order is necessary, while the elimination of the other three is a m atter of choice. We may then sum up the position as follows. While the elimination of some of the singular terms is necessary and is achieved automatically by our method, the elimination of others is at our choice. But the non-elimina tion of such singular terms is merely equivalent to putting one of the arbitrary mechanical constants in our equations, for example, M, I or I" ,
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2 0 -2 equal to infinity. To put one of these constants, say equal to infinity is equivalent to making a physical assumption as definite as giving it some particular finite value, and this can only be decided by comparison with experiment. Reasons will be given in the last section for the belief th a t in order to describe the elementary particles as they appear in nature within the limits of classical theory, all the mechanical constants except M and I have to be put equal to zero. In this sense the conservation laws demand th a t all the singular terms must be eliminated.
I t should be noticed th a t the elimination of the singularities is not trivial. I t is easy to see th a t the coefficients of some of the terms in and might have had such values as to make the simultaneous elimination of all the singular terms impossible. The singularities would then have been in herent in the problem. That this is not the case shows th a t the singularities introduced by taking the energy tensor to have the form (12) even in the presence of point charges or point dipoles are entirely spurious, for they do not enter into the equations of motion. I t would therefore be logical to seek to alter the expression for the energy tensor (12) when point charges and point dipoles are present so as to make the total energy of the field finite. This has already been done by Pryce for a point charge, and the results of this paper show th a t it must be possible for a point dipole also. I t only remains to determine and This is done in the appendix. The method is similar to the one we have used in deducing expressions (77) and (78), but is very much more complicated.
2) is given in the appendix and has four differentiations with respect to r. .4^(2) must therefore have three differentiations with respect to r. The number of possible independent terms in .4^(2) is therefore very large, and in fact there are fifty-seven terms in A f y(2), and twenty-nine terms in 1^(2 ). I t is remarkable, however, th a t the conditions (79) and (69a) are so stringent as to determine the coefficients of all these terms either uniquely or in terms of six arbitrary constants. Thus T*™H2) and Jf^®act-(2) are determined in terms of six arbitrary constants. A considerable simplification can be introduced by giving some of these constants particular numerical values, bu t we do not need to go deeper into this point. T^eact-(2) contains all derivatives of v/t and up to the fourth, and J f^f ct (2) contains all derivatives of these quantities up to the third. Similarly, it is shown in the appendix th a t T*eact-(1) and J f^f ct (l) can be determined entirely in terms of one arbitrary constant. T™act (l) and respectively contain all derivatives of and 8X fl up to the third and second. T^eact-(0) is just the usual radiation reaction term for a point charge, while Jf$«act-(0) is zero. The complete expression for M f**-is given in the appendix. This completely determines the translational equation (72) and the rotational equation (73). Since, however, all derivatives of and SX fl up to the fourth appear in T^eact' and all derivatives up to the third in the conditions under which the solutions of these equations are definite have to be investigated. If vp v^, v^, $ A/t and vanish, then in the absence of an ingoing field all the terms in equation (73) vanish except A ® act>, and from the expression for this given in the appendix we see th a t (73) reduces to M ; -t y S ; ) } ] = 0.
Moreover, the second term of (7 c) now also vanishes, and hence this equation demands th a t (8Sm) = 0.
From equations (89) and (90) it can be deduced th a t $ A* must vanish. (The easiest way to do this is to introduce two space vectorsf for SQk, and Slm, Smk, Sm, and to consider equation (89) in the rest system.) Thus, as a consequence of the rotational equation (73), S x and $ A" will continue to be zero, and hence all higher derivatives will also vanish, in particular $&. Now consider the translational equation (72). When vp vp «***, and &X fl vanish, all the terms in (72) vanish in the absence of an ingoing field except T™&ot', and hence this equation demands th a t T™&ct-shall vanish. As shown above, it follows from the rotational equation th a t and S l Xft must also vanish, and in these circumstances it follows from (138) in the appendix th a t 'preact. _ q reduces to
Further, (5 d)now becomes (w lv) = 0, so th at in the rest system Vq v = 0. Thus in the rest system (91) just reduces to the three equations « P 2-A -s 2) + A = o, from which it can be deduced th at = 0. Hence the particle will continue in a state of uniform motion with its spin pointing in a fixed direction. Thus the solutions of the equations of motion (72) and (73) will be perfectly definite if the initial velocity and direction of the spin are given, and only those solutions are allowed for which vp vp t^11, SX fl and 8X /l all vanish after the in going field has died down. We may take (72) and (73) to be the exact equa tions of motion taking radiation reaction into account for a spinning particle moving in a Maxwell field.
Specialized equations
Although the equations (72) and (73) give a consistent mathematical scheme for the motion of a spinning particle they are in some ways too general to be used for a description of the elementary particles which occur in nature. There is no connexion between the velocity of the particle and the state of its dipole moment. If we introduce a space vector M to denote the magnetic dipole moment Slm, Smk, Skl and a sp electric dipole moment Sok, S#, S0m, the equations are such that, according to (6), (30) and (34a), M 2 -D2 = constant, (92a)
Except for these two constants of the motion, the magnitudes of M and D may change without any relation to the velocity. For example, if we had a dipole of the special type which initially had only a magnetic moment but no electric moment in its rest system, an ingoing field could easily be found which after a time brought the dipole to rest again, but this time, without violating (92a) and (926), with an electric moment perpendicular to the magnetic moment and a larger value of the magnetic moment. (This is particularly evident when g1 = 0, for then a constant electric field would do this.) The elementary particles in nature do not behave in this way, and the question now arises as to whether it is possible to give a procedure for de riving specialized equations from (72) and (73) which leave a pure magnetic dipole always a pure magnetic dipole in the rest system and a pure electric dipole always a pure electric dipole. Consider first the case where the dipole is a pure magnetic dipole in the rest system. This is expressed in mathematical form by the equation
The equations obtained by differentiating this are
S"" + 4$***#' + 6$/a,6v +
4:8/lvvlilv + 8tlvv
Suppose the equations of motion as derived previously without the con dition (93) are (43) and (64), which we write in the more general form (36):
We have to find whether, when the constraint (93) is imposed, a procedure can be found within the method used for deducing (43) and (36) which allows (43) and (36) to be so altered as to make them consistent with the equations (93) and (94). The only condition th a t has to satisfy is th a t the two in variant equations (65) and (66) shall be consistent. In our present notation this requires th a t «*(?;- (95) Contract (36) An addition to A p of A^ adds according to (45) a term vxA'p -VpA\ to the left-hand side of (36). Thus (36) is changed to f
In general (97) would not be permissible as the rotational equation because it has not the form (36). B ut in the special case when (93) and (94) are valid it can be written in the form
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This is of the required form (36) provided I ' = 0. Thus (43) and (36) must be replaced by (99) and
(98) with F = 0 leads to the invariant equation Since, by (94a),
it follows in view of (95) th at these two equations are consistent. Contracting (100) with vp, we see th at it vanishes identically, so th at in the rest system this equation determines the rotational motion only for A, #= 0. In other words, it only determines In this system are then determined ex plicitly by (94a). We have thus given a procedure for deriving from equations (43) and (36) others of the correct form which are consistent with the constraint (93) and satisfy the conservation laws.
Let us apply this method to the equations (72) and (73), with = 0 for simplicity. According to (99) the translational equation (72) is to be replaced by
M i , +^ {I S', + i K v, 8*+ K S ,p S-r -\g2 v,(SF>*-)-g, S = g1F^-^8^^-F^ + i y « , (101)
According to (100) the rotational equation (73) must be replaced by (101) and (103) are just the equations for this case derived in a previous paper (B, equations (30) and (31)) by a direct m ethod.f The constants and K were there put equal to zero. I t can easily be seen from the expression for 1) given by (137 b) of the appendix th a t the gx g2 terms vani expression on the right-hand side of (104), so th a t D A/t contains only the pure spin reaction terms proportional to g\. In other words, for a dipole which is a pure magnetic one in the rest system, the equations for the rotation of the dipole are the same whether the particle has a charge gx or not. Now, as mentioned before, (7A ® act-(2) given by (140) has six arbitrary constants. When we build the expression on the right-hand side of (104) and use the equations (93) and (94), three of the arbitrary constants drop out, while the remaining three always appear together in a certain combination, so th a t the resulting expression for DA" has in effect bu t one arbitrary constant. DX/l is given in the appendix by (142) and is exactly the radiation reaction term given in the previous paper (B, (46)).
f Owing to a slip the g2 terms in B appear with the same sign as here, whereas they should appear with the opposite sign since the field strengths as defined by (8 a) are equal to minus the field strengths in B. This is of no physical consequence, for it is merely equivalent to reversing the sign of g2, which is always possible.
where we have written
where
The radiation reaction terms in the translational equation (101) are given in the appendix. 7^flf(0) is the same as T^act- (0) by (102), since C'-^?ot*(0) is zero. I t is the well-known expression for a point charge.
( 1) has no arbitrary constant in it and is given by (143) in the appendix, while T®elf(2) can be expressed in terms of one arbitrary constant and is exactly the radia tion reaction term given in the previous paper (B, appendix).
We thus see that, if the radiation reaction terms are neglected, the equations (101) and (103) are formally more complicated than (72) and (73) (with I ' and K ' equal to zero), but with the radiation reaction terms the equations (72) and (73) are vastly more complicated than (101) and (103). Moreover, whereas the damping terms in (101) and (103) have bu t one arbitrary dimensionless constant, those in (72) and (73) have no less than seven arbitrary constants. Thus, although the classical theory cannot exclude the general case treated in the previous section, it a t least gives us a reason why the elementary particles in nature might be expected to belong to the specialized case treated in this section. Relativistic quantum theory is an advance on classical theory in th a t in it the elementary particles automatically and necessarily have only a magnetic moment in their rest system, as is found in nature.
Lastly, we consider the case where the dipole is a pure electric dipole in the rest system. This is expressed mathematically by the equation
To alter (43) and (36) so as to be compatible with (105) we proceed exactly as before and add (96) to A". The rotational equation then becomes (97), and in order th a t this should be of the form (36) I must now be pu t equal to zero, while F remains arbitrary. By using the identities (27) and (286) and the equation (105) it can easily be shown th a t the right-hand side of (97) can be brought into the form of the right-hand side of (36), if desired. I t is, however, convenient to keep it in the form which it has in (97), with 7 = 0.
The scattering of light by a dipole
To get an insight into the rotation of the dipole alone we may simplify the problem by putting M equal to infinity. In this case it follows from the translational equation (101) th a t all the derivatives of the velocity vanish, and we may conveniently consider the particle in the rest system. I f we use the space vector M introduced a t the beginning of the previous section to denote the spin, the rotational equation (103) 
where the square brackets now denote the usual vector product, and H is the magnetic force of the ingoing field. If we pu t the constant K equal to zero we get just the equation given in the previous paper (B, (51)). As shown there, the last term in (106), which embodies the effects of radiation reaction can be derived quite simply from dimensional arguments and the condition th at the work done by an external periodic force on the dipole shall be equal to the energy radiated by the dipole. The general reaction terms in (72) and (73) or (101) and (103) naturally cannot be derived so easily. We now consider the scattering of light by this dipole. The calculation is but a generalization of the calculation given in the previous paper and is a particular case of the problem of the scattering of meson waves by a dipole dealt with in detail in the paper which immediately follows this. We therefore only give the result. We henceforth write x, y, for the space coordinates and t for x0. Let the ingoing light wave of frequency o) be described by
where H0 lies along the ce-axis. We consider the scattering for weak fields, so th at the oscillation of the dipole is small and we may write Thus, as we should expect, the dipole does not carry out a pure oscillation as in the case investigated in B, but, owing to the presence of the inertial term K , it executes a small elliptic gyration about its original direction. The scattering cross-section, i.e. the energy scattered divided by the energy carried by the incident light wave per unit area, is 
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The effect of radiation reaction is contained in the explicit w4 terms in (110). Their effect is twofold. For very high frequencies they cause the scattering to diminish as o>-2 quite irrespective of the values of a or /?. Moreover, if we neglect these reaction terms, the denominator of (110) which gives an infinite scattering for this frequency. As is well known, I/K is the natural precession frequency of the spin for small oscillations, so th a t we have to do here with a resonance phenomenon. The effect of radiation reaction is to make the scattering finite even for this resonance frequency, as we should expect. I t is interesting to note th a t while the scattering due to a pure gyroscopic spin ( K = 0) tends to infinity like with frequency, the addition of a finite moment of inertia perpendicular to the spin axis ( K =# 0) makes the scattering cross-section tend to a finite value for high frequencies, even in the absence of radiation reaction. That the effect of radia tion reaction on the rotation of the dipole is to make the scattering diminish for very high frequencies as (o~2, bears a striking resemblance to the scattering by a point'charge calculated by Dirac (1938) , the cross-section for which has exactly the dependence on frequency given by (112), where the effect of radiation reaction on the translation of the point charge is also to make the scattering decrease as o)~2 for high freq charge and a point dipole are entirely different things and the mechanism of scattering is also different, this leads us to suspect th a t it may be a fundamental property of radiation th a t for high frequencies the scattering should decrease as a>-2.
I t is of interest to compare our classical theory with the quantum theory for a particle of spin p as described by the Dirac equation. In this quantum theory it is possible to add in addition to the usual interaction which is described by means of the potentials, an explicit spin interaction of the particle with the Maxwell field equivalent to the term. The calculation of the scattering of light by a particle with this explicit spin interaction, leads, if the mass of the particle is ultimately allowed to tend to infinity, to a scattering cross-section of the form (111) with the absence of the w4 term in the denominator. The absence of the w4 term is understandable, for it is the result of radiation reaction, and as is well known, this is neglected in the quantum theory. However, the fact th a t the quantum theory then leads to a cross-section agreeing in form with (111) and not (110), with the explicit < t> 4 terms omitted in each case, shows clearly th a t the Dirac equation auto matically describes a particle for which / is zero, th a t is, for which K vanishes. Thus the Dirac equation automatically describes a spinning particle which has the simplest possible mechanical properties, namely those of a pure gyro scope, characterized by I = p , K = 0. Moreover, which correctly contains the effect of radiation reaction, shows th a t the validity of the quantum theory of an explicit spin interaction would be restricted to frequencies for which the g> 4 term is unim portant, i.e., for frequencies If the g2 term in the quantum theory is pu t equal to zero, the scattering reduces to just th a t given by the Klein-Nishina formula and vanishes as the mass of the particle tends to infinity.
The question now arises as to whether the above theory can be applied in the classical limit to an electron or not, for as is well known, the magnetic moment of the electron is a pure quantum effect. The argument of the previous paragraph shows th a t the magnetic moment of the electron is not to be described in this way for th a t would be equivalent to describing the magnetic moment in the quantum theory by an explicit spin interaction term with g2 = e h/ 2m. This would not give agreement with nature, as can be seen by comparing the theoretical scattering for an explicit g2 term with th a t found experimentally for free electrons. I t is justifiable to calculate the theoretical scattering by using (111), for, as has been mentioned before, this completely agrees for frequencies with the quantum formula derived with a g2 term .f The fact th a t the electron was considered as fixed a t a point in calculating (111) is of no account since the scattering due to the rotation of the spin with an explicit g2 term is far greater than th a t due to the transla tion of the dipole. Putting I = \h, = 0, g2 -eh/2m, thus making a = 3 (h /e 2 ) ( m / h ) 2 , we find th a t the scattering given by (111) for (o -5 is already about tw enty times larger than the scattering given by the KleinNishina formula for the same frequency. Since the Klein-Nishina formula has been checked experimentally up to these frequencies (see for example, Heitler 1936), we m ust conclude th a t the above scattering cross-section is not applicable to an electron. This is entirely to be attributed to the fact th a t to describe the electron and its interaction with the Maxwell field as it occurs in nature we must put g2 = 0 both in the classical and quantum theo equations of the preceding section are naturally applicable to an electron if we specialize them by putting g2 = 0, shows th a t the spin continues to point in the same direction in the rest system, while in the limit ĥ t i( 101) just becomes the well-known L Dirac equation. The quantum theory of the electron might therefore be expected to be valid up to energies of 137rac2 as hitherto supposed, and con trary to a tentative suggestion recently made by one of us (Bhabha 19406) .
For the meson it is not yet known from experiment whether an explicit spin interaction term is necessary to describe its interaction with the Maxwell field or not. If it is found th a t such a term is required in the quantum description of the meson's interaction with the Maxwell field, then the above theory would certainly be applicable to this case in the classical limit, and (111) shows th at the neglect of the effect of radiation reaction on the rotation of the spin would restrict the validity of quantum theory to frequencies such th a tj 131 I 3 h (0<j2 g 2~j 2 g 2' I t is known th a t the heavy particles have an explicit spin interaction with the meson field, so th at the theory of this paper would certainly describe t Detailed calculations by Bhabha and Madhava Rao (19419 Proc. Indian Acad. Sci. A, 13, 9-24) have shown that the quantum and classical cross-sections have the same dependence on energy, scattering angle and polarization of the incident and scattered light, but that the former is larger than the latter by a constant factor 3. This factor results from physically understandable differences in the quantum and classical averaging over the initial orientations of the spin of the scattering particle (see footnote on p. 341 of the subsequent paper).
X Here g2 denotes the strength of a possible explicit interaction of the meson with the Maxwell field, and not as usual the strength of the spin interaction of the heavy particles with the meson field. their behaviour in the classical limit, but we shall not consider this problem here as it is treated in detail in the paper which immediately follows this, where the present theory is extended to cover meson fields.
A p p e n d i x
The field strengths can be derived according to (8 a) by differentiating the potentials (21) and (23). The method of differentiation has been given in a previous paper (A). We give only the result :f
This is the usual field of a point charge. Further . * '^1 + ■ + 3
We proceed to calculate and MA/l. For the world tube defined by (40) it was shown in A (formula (54)) th a t the directed surface element d S v of the tube is given by dS* = 1 -a:') -eifedQdr.
(1 Here dQ represents an element of solid angle subtended a t the point r of the world line in the rest system of this point by a portion of the sphere of radius e with this point as centre. As mentioned in the text, this sphere taken a t a time e later than r is a section of the world tube. For all points on this sphere, We can a t once write this in tensor form by combining the terms with thus~
Proceeding in this way we can easily show th a t
The symbol P denotes th a t we have to sum over all possible combinations of the vectors occurring in the product, each combination being taken only once; thus
The generalization of the formulae (116) is easily found. In these calculations only integrals involving products of not more than eight vectors A , B, C, D, E, F, G and H appear. We have ( C v 
Introducing (12) and (115) into (41) and remembering th a t this is equal to (42), we find
Consider first T^ix\ Remembering (25), we have
Now the ingoing, field has no singularity on the world line. Hence its value a t any point xp on the surface of the sphere can be expressed by the help of Taylor's theorem in terms of its value a t the retarded point z (r0) ; thus
( * » » , = (r<)
Now dS v is a t least of order e2, while the highest singularity in F ( pl given by (113) is of order e~2. Hence the gx terms in Tf**-will contain the ingoing field strengths but not their derivatives. The highest singularity in F® is of order e~3, and hence the g2 terms in T f* -will contai strengths and their derivatives on the world line. A t first sight it would seem possible for singular terms of order e-1 to appear in b u t calculation shows th a t these vanish, as we should expect. Introducing (114) for F f f " in (118) and using some of the relations (116), we find after some calculation th a t the g% terms in reduce to -• (" 9)
Use has been made of the fact th a t the ingoing field satisfies (9). The last term vanishes since the ingoing field satisfies (86) with the right-hand side equal to zero. We thus get the result quoted in (58) in the text. The term there is the usual one which was also calculated in A .
Inserting (12) and (115) into the first integral of (44a) and remembering th a t this is equal to (446), we find
therefore differs from (119) in containing an extra sA in the integrand, the same terms with A and p interchanged being then subtracted of this extra sA is th a t there will be no gx terms in while the g2 terms will contain the ingoing field but not its derivatives. After some easy calculation we get the result given in the text by (59).
We now come to the radiation reaction terms. In the notation of (80) 
The terms in gxg2 can be calculated in a similar manner. Introducing (113) and (114) into (117) and using the relations (116), we find after some calcula tion th at
and T<»>(1) = *»"(*>)]
We finally come to the g\ terms. The calculation of is carried out in exactly the same way. (114) is introduced into (117) and then the relations (116) are used to calculate each integral. Since given by (114) contains no less than 18 terms, T v which is quadratic in contains some 324 terms. Some of these, of course, vanish a t once from symmetry, or due to (18), but nevertheless the calculation is very lengthy and tedious. We have not found a way of shortening it. I t is interesting to notice th a t with the expression (114) for F^l, there are no terms of order e-3 and e~2 in JW/w, so th at the contribution to 2) comes only from the first product in (117). Moreover, F®1 F^p* contributes nothing to 2 )s ince the o could do this are those of order e-4, and (120) shows th at these are multiplied by the factor (s^s^ -s^s^k' which vanishes. We find 
The calculation of M T f y can be carried out in exactly the same way by introducing (113) and (114) Classical theory of spinning particles in a Maxwell field 309 in all 56 independent terms with arbitrary coefficients in A f(2 ) . Similarly, the terms of 2) can be classified in the following groups: S/urv'-\_(vSv) and S^ipSv), with two dots distributed over the symbols in each term, plus two other terms, and which do not belong to these groups. There are 11, 5, 3, 4 and 3 terms respectively in each group, making 28 terms in all. I t is remarkable th at the conditions (79) and (69a) are so stringent th a t the coefficients of all these terms can be determined in terms of six arbitrary constants which we denote by kx to ke. We give only the result here. T^eact-(2) is an extremely cumbersome expression. However, when vp vp and $ A , $ A and $ mA/t vanish, it reduces to -&^S 2 + ! < $ 2 + W v) + <*i + *» + f ) v f l S T ) + (*i + f )
[vxSM < rS<"vv]_v*, [t)A
Finally, My*ct-(2) can be written 
We see from (138) th at Sy^ appears in the translational equation, but the arguments given in the text show th a t this does not prevent the equations from being used to determine the motion of the particle. The only terms which contain S^ are in fact just the last three terms in (138). (No containing 8^vanishes by putting any of the lower derivatives of or $A equal to zero since the terms in T)fact-(2) have in all four derivatives, and in those terms where four derivatives appear in $A" no dots can appear over any other symbol.) (138) shows th at by putting + f = 0, 0, we could eliminate $A/i from the equations of motion altogether. This specialization simplifies the coefficients in (140). Out of the remaining four coefficients, k6 = 0 effects an obvious simplification. where we have written d in place of -+ kz + ki -j-g). I t is interesting to note th a t in this case three of the six arbitrary constants automatically fall out, while the other three only appear in the above combination, so th a t in effect there is only one arbitrary constant in this case. (142) is exactly the radiation reaction term found for this case in a previous paper (B, (46) ) by a direct method. T®elf (2) is given explicitly in th at paper (B, appendix). Forming the expression on the right-hand side of (141)from (1376), we see th a t it vanishes, which shows th at there are no g% terms in Dp . W e thus get the result quoted in the text th at even in the case = f= 0 the charge gx adds nothing to the radiation reaction terms in the rotational equation.
In the case $ = 0, the radiation reaction terms-in the translational equation ( 
and thus contains no arbitrary constant. T®elf (2) contains the one arbitrary constant d which occurs in (142) and is given explicitly in B (appendix). We see clearly that, whereas the reaction terms in the general equations (72) and (73) contain no less than seven arbitrary constants, in the special case (5^ = 0 (but not in the case S*pvp = 0) there is only one arbitrary constant, and the radiation reaction terms both in the translational and rotational equations are vastly simpler.
